Abstract: Femtocell technology has gained widespread attention recently due to its advantages, such as infrastructure cost reduction, improved service coverage and high data throughput in indoor environments. As femtocell networks are customerdeployed without proper network planning, their interference environment tends to be much more complicated than traditional cellular networks. The authors present the framework of channel allocation in orthogonal frequency-division multiplexing access (OFDMA) femtocell network with the graphical approaches. A novel graph-based interference coordination scheme is proposed to maximise the system throughput while ensuring proportional rate fairness among femtocells. The scheme explicitly uses the received signal-to-interference-plus-noise-ratio to generate the interference graph of OFDMA femtocell networks, so as to guarantee the acceptable inter-cell interference for all the links. First, all the femtocells are partitioned into different groups by applying a greedy graph colouring algorithm to maximise the sum throughput of each group. The femtocells in the same group share the assigned subchannels while those in different groups are allocated to orthogonal subchannels. Then, an optimisation problem is formulated to determine the number of subchannels assigned to each group. Further, an approximation method is proposed to solve the optimisation problem. Simulation results are conducted to demonstrate the effectiveness of the proposed scheme in terms of throughput and fairness index.
Introduction
Femtocell technology has been applied extensively to highspeed wireless communication systems, such as WCDMA, CDMA2000 and WiMAX due to its potential advantages such as improved indoor coverage, energy efficiency and low cost [1 -3] . Also, it will be included into the thirdgeneration (3G) long-term evolution (LTE) networks and its advancement (LTE-A) as one of the key features [4] . Compared with macrocells, the femtocells provide better radio link quality to the users while consuming less power of mobile devices in indoor environments. For operators, a significant amount of traffic can be moved from the macrocell network to the femtocell network, which can reduce the deployment cost. However, this technology is still under development and there are many issues needed to be addressed such as access control, timing and synchronisation, and interference coordination [5] .
On the other hand, owing to its efficient utilisation of the available frequency bandwidth and robustness to frequencyselective fading environments, orthogonal frequencydivision multiplexing access (OFDMA) has been accepted as a multiple access method in 3G LTE and LTE-A networks for downlink transmissions. In OFDMA-based systems, users are multiplexed in frequency by means of a scheduler, which assigns subcarriers and time slots to different users according to the pre-defined scheduling metrics. Subcarriers can be orthogonally allocated to different users at the cost of system throughput. However, dense reuse of available subcarriers is envisaged in the future networks in order to increase the transmission data rate, which may cause strong co-channel interference and limit the network throughput especially for the cell-edge users. So, developing an efficient radio resource allocation scheme for interference coordination in OFDMA networks is of significant interest to academic and industry. Based on the requirement of the inter-base station (BS) communication interval, most of the existing and currently being developed interference coordination strategies can be categorised into three types, that is, the static, semi-static and dynamic strategies. The static and semi-static strategies, which need inter-BS communication to be done on a time scale of seconds or longer, have already gained much attention in 3G LTE cellular networks due to their reasonable implementation complexity and overhead [6] . Typical strategies, such as static soft frequency reuse (SFR) [7] and fractional frequency reuse (FFR) [8] , utilise the resources of frequency and radiated power to coordinate BS transmissions with pre-defined resource constraints for different types of users. These strategies can significantly improve the performance of cell-edge users. Besides these, the dynamic strategies are also proposed to mitigate the inter-cell interference, where the information such as the user location and channel states are needed [9] .
As femtocell networks are customer-deployed without proper network planning, their interference environment tends to be much more complicated than traditional cellular networks. Thus, the interference coordination in OFDMA femtocell networks cannot be well handled by the existing schemes designed for macrocell deployments. There exist two kinds of interferences in OFDMA femtocell networks: interference between the macrocell and femtocell and the femtocell-to-femtocell interference. Orthogonalisation of resources in the frequency domain and/or in the time domain for the macrocell and femtocell can avoid the interference between the macrocell and femtocell, although it is inefficient in terms of spectrum reuse [10] . In [11] , a frequency assignment scheme was proposed for femtocell networks while considering the handoff and interference between the macrocell and femtocell. However, since the number and position of BSs in femtocell networks are semi-statically varying, the femtocell-to-femtocell cochannel interference has to be dealt with by specifically designed radio resource allocation scheme. To the best of our knowledge, the channel allocation problem for coordinating the interference between femtocells has not been explicitly addressed in prior literature so far. With the constraint of maximum transmission power and minimum user rate, the centralised channel assignment with exhaustive search was performed to maximise the network throughput [12] . The optimisation problem of distributed power allocation between femtocells was solved by finding the Nash equilibrium [13] . In LTE cellular networks, each femtocell can be assigned a carrier after interacting with its neighbours based on the specified utility functions [14] .
In OFDMA femtocell networks, the whole bandwidth is divided into orthogonal subcarriers, which are then grouped into subchannels. In this paper, we first formulate the channel allocation in the multi-cell OFDMA femtocell networks as an optimisation problem. Our objective is to achieve the maximum system throughput while ensuring proportional rate fairness among femtocells. However, there is no polynomial-time algorithm to obtain the optimal solution of this function. Therefore we propose a graphbased interference coordination scheme in order to avoid such prohibitive computation complexity.
The problem of allocating subchannels in a cellular network can be modelled as a graph theoretical colouring problem [15 -17] . Different from the classic colouring problem that finds the minimum number of necessary colours, the channel allocation problem in femtocell networks is to determine how to assign a given number of colours (i.e. subchannels) to all the femtocells in order to achieve the specified objective. Since the on/off behaviours and locations of BSs in femtocell networks are semistatically varying, our proposed scheme first constructs an interference graph for femtocells with the knowledge of the received signal-to-interference-plus-noise-ratio (SINR) derived from the received power of cell-specific reference signals. Then, all the femtocells are divided into the least number of groups, under the condition that there are no femtocells that interfere each other in the same group. Moreover, we maximise the sum throughput of each group during the division process. The femtocells in the same group can thus share the same subchannels while those in different groups must use orthogonal subchannels. In this way, the maximum frequency reuse factor can be achieved under the interference constraint. Finally, the original channel allocation problem is turned into the assignment of the given number of colours (i.e. subchannels) to each group in order to achieve the maximum system throughput while ensuring proportional fairness constraint, which in turn further reduces to determining the number of subchannels assigned to each group. We formulate this as a convex optimisation problem and its integer solution can be found by the approximation method.
The remainder of this paper is organised as follows. Section 2 gives a brief description of the system model and formulates the proportional fair (PF) channel allocation problem in OFDMA femtocell networks. A graph-based interference coordination scheme for OFDMA femtocell networks is proposed in Section 3. In Section 4, simulation results are presented. Finally, Section 5 concludes this paper.
System model and problem formulation
As shown in Fig. 1 , a downlink network with N active femtocells is considered in this paper. Assume that M data subchannels are available for resource allocation. Usually, there are few users with very low or even no mobility in the home or office environment. We consider only one mobile station (MS) is connected to the BS per cell for simplicity [18] . Since the behaviours of BSs in femtocell networks are controlled by customers, the network topology of femtocell systems varies semi-statically, resulting in complex femtocell-to-femtocell co-channel interferences. The interferences among femtocells have to be coordinated through the well-designed channel allocation in order to achieve a good balance between an aggressive reuse of the spectral resource and the resulting co-channel interferences.
Let the binary matrix A ¼ {a m,n |a m,n [ {0, 1}} M×N represent the channel allocation between femtocells, where Fig. 1 Illustration of OFDMA femtocell networks a m,n ¼ 1 denotes that subchannel m is assigned to femtocell n, and a m,n ¼ 0 otherwise. The achievable rate on subchannel m in femtocell n is given by
where W is the subchannel bandwidth, P m,n is the transmit power from the BS of femtocell n on subchannel m, L n,j is the path loss attenuation factor from BS j to the MS in femtocell n, and s 2 N is the noise power of the additive white Gaussian noise. For simplicity, the transmit power is the same for all BSs, that is,
The channel allocation problem is to find a mapping A between femtocells and subchannels. To achieve the maximum system throughput while ensuring the proportional rate fairness among femtocells, the sum of the logarithmic average cell throughput should be maximised [19] . Then, this problem can be formulated as the following optimisation function
Since (2) is non-concave to the binary variable a m,n , this problem is NP-hard. There is no polynomial-time algorithm to obtain the optimal solution of A. Therefore we propose a graph-based interference coordination scheme to decide how to allocate subchannels in OFDMA femtocell networks.
Proposed graph-based interference coordination scheme
Since the interference of subchannel m in femtocell n is dependent on the reuse of subchannel m in other femtocells, the SINR and the corresponding achievable rate h m,n are unknown until the channel allocation is decided. In other words, the interference and the channel allocation are dependent on each other. This makes the optimisation problem in (2) hard to be solved. Therefore we propose a graph-based interference coordination scheme to deal with the channel allocation problem in OFDMA femtocell networks, which turns the optimisation problem in (2) into a convex one by dividing the interfering femtocells into different groups based on the interference graph.
Construct the interference graph
Let us first formulate the inter-cell interference between femtocells by an interference graph. Based on a given network topology, the interference graph G ¼ (V, E) can be constructed. The vertex set V and edge set E denote femtocells and the potential interferences between femtocells, respectively. As stated before, the exact value of the interference for femtocell n in subchannel m is not available until the channel allocation is performed. It is dependent on the allocation of subchannel m to other femtocells, which is unknown before the problem in (2) is solved. Then, the interference graph is constructed by measuring the received power of the cell-specific reference signal, which is transmitted by each femtocell BS with the cell-specified scrambling sequence [20] . On the assumption that one subchannel in femtocell n is reused by femtocell k, the received SINR of the user in femtocell n can be expressed bŷ
An edge (v n , v k ) exists if and only if the received SINR in either femtocell n or femtocell k is below the required communication threshold G th if the subchannel is reused by them, that is
The same subchannel cannot be reused by two femtocells if the edge exists. Next, by mapping each subchannel onto a colour, we have the colour set F, whose size equals to the number of subchannels, that is, M. So, the channel allocation problem is equivalent to how to colour each vertex in set V with a number of colours in set F. The traditional channel allocation problem aims at minimising the required number of subchannels (i.e. colours) under the interference constraint. In OFDMA femtocell networks, it becomes to obtain the channel allocation with the fixed number of subchannels while maximising the sum of logarithmic cell rate on the condition of the acceptable interference as specified in (4).
Partitioning of femtocells into groups
With the knowledge of the interference graph, we partition all the femtocells into different groups, where subchannels are fully reused or orthogonally allocated between femtocells in the same or different groups, respectively. Considering the close relationship between the colouring problem in the graph theory and the interference coordination problem in OFDMA networks, we apply the greedy graph colouring algorithm to decide how to divide the femtocells into groups under the acceptable inter-cell interference as specified in (4) . In each stage of the partition procedure, the group which has the maximum sum throughput is selected in order to exploit the potential overall system capacity as much as possible.
The colouring of a graph G ¼ (V, E) is to assign the colours to the vertex set V while no two vertices with an edge have the same colour. The smallest number of colours needed to colour a graph G is called its chromatic number, that is, K. A subset of vertices assigned to the same colour is called a colour class, which forms an independent set. Thus, the greedy colouring is the same as a partition of the vertex set into K independent sets. The femtocells in the same independent set will be assigned with the same subchannels, that is, colours. The fewer the number of colours used in an interference graph G, the higher the frequency reuse factor that can be achieved in OFDMA femtocell networks.
By using the greedy graph colouring, all the vertices are partitioned into K independent groups through K stages successively. In the kth stage (0 ≤ k ≤ K ), a heuristic algorithm, called as simulated annealing (SA), is used for searching the maximum independent sets (MISs), whose details can be found in Appendix 1 [21] . It has a high probability of finding the optimal or a near-optimal solution in a reasonable amount of time by using simulated
k }, we have to determine how to select one of them as the kth group of femtocells. There is no SINR difference on the subchannels assigned to femtocell n because all of them are reused by the femtocells in the same groups. So, the subchannel index m can be omitted in the following description. Then, on the assumption that the qth MIS is selected in the kth stage, the achievable rate per subchannel at femtocell n in V (q) k can be expressed bỹ
Different MISs include different femtocells and each femtocell has a different location, resulting in different achievable rates. In order to achieve the maximum system throughput, the MIS with the maximum sum of the cell rates is chosen in each stage, that is
All the vertices in the selected MIS are assigned with one or more than one available colours (i.e. subchannels) and deleted from the graph. Then, the remaining vertices in the graph are used to establish a graph colouring subproblem in the next stage. This process repeats until no smaller MIS can be found.
Channel allocation between the groups
After the partition, all the femtocells are divided into K groups with the acceptable interference condition. The subchannels are orthogonally allocated between femtocells in different groups. Next, we need to determine how to allocate all the subchannels into different groups. Assuming that subchannels are fully reused between femtocells in the same group, the received SINRs of subchannels of a user in the certain location have no difference since only the path loss of links is considered in this paper. So, the original channel allocation problem in (2) is reduced as the problem how many subchannels should be assigned to each group, that is
whereh n is the transmission rate of BS in the nth femtocell on the allocated subchannels, s k is the number of subchannels assigned to the kth group, b n,k ¼ 1 means that the nth femtocell is grouped into the kth group, and b n,k ¼ 0 otherwise, that is
Let S ¼ {s k |s k [ {0, 1, 2, . . ., M}} 1×K describe the channel allocation between the sets. As proved by Appendix 2, this optimisation problem in (7) is equivalent to
where g k is the number of femtocells in the kth group. This problem is strictly convex when s k is a real number. Then, the Lagrangian function associated with problem in (9) can be written as
where l ≥ 0 is the Lagrangian variable which makes
Taking the derivative of (10) on s k and let its value equals zero, the optimal real-value s k can be easily calculated by
However, the optimal solution in (11) may produce fractional subchannel allocation. In other words, the number of subchannels allocated to each group should be integer while s real k may not. Therefore we propose an approximation method to find the integral solution, which is described in Fig. 2 . s k is initialised to the round value of s 
Simulation results
In this section, simulation results are presented to evaluate the performance of the proposed channel allocation method in OFDMA femtocell networks, where the dense femtocell deployment scenario is assumed and modelled [18, 22] . For simplicity, only one femtocell block is considered. As shown in Fig. 3 , each femtocell block consists of two stripes of apartments, and each stripe has 2 by N D apartments (e.g. N D is set to 10 as illustrated in Fig. 3 ). Each apartment with the size of 10 m × 10 m may have a femtocell. There is a street with width of 10 m between two stripes of apartments. Each femtocell block has L D floors, which can be chosen randomly between 1 and 10 (e.g.
To simulate the realistic case where an apartment may not have a femtocell, a parameter of deployment ratio r is used to determine whether an apartment is deployed with a femtocell or not. Since femtocells are not always on, we defined another parameter of activation ratio b to describe the percentage of active femtocells. Only when a femtocell is active, it transmits with the given power at traffic subchannels. Otherwise, it keeps silent at traffic subchannels. The activation ratio b can be varied from 0 to 100%. Both the femtocell BS and the MS are distributed uniformly at random in the apartment. Most of simulation parameters closely follow the 3G LTE-A network as summarised in Table 1 [4] . The number of available subchannels is 50 with a 10 MHz bandwidth, that is, M ¼ 50. When r ¼ 0.2 and b ¼ 50%, it means that on average each floor has four active femtocells and each block has active 24 femtocells under the given configuration, that is, N ¼ 24. If the deployment ratio r is increased to 0.4 with b ¼ 50%, there are more average active femtocells in one block, that is, N ¼ 48.
Effects of the required communication threshold
As described in (4), the construction of interference graph is based on the comparison results between the received SINR and the required communication threshold G th . Fig. 4 shows an example of the interference graph generated in simulations. Given the scenario of r ¼ 0.2 or 0.4 and b ¼ 50%, different interference graphs will be generated with different values of the threshold. In Fig. 5 , we compare the cumulative distribution function (CDF) of the received SINR in the network with different thresholds in the proposed channel allocation schemes. When the value of the threshold decreases, less number of edges exists in the interference graph. Then, the MISs of the interference graph may include more vertices. In other words, more femtocells are grouped into the same cluster and can reuse the same subchannels. In this way, higher frequency reuse factor can be achieved while more serious co-channel interference is caused. Therefore the SINR performances become worse when the threshold becomes smaller.
The performance of the proposed scheme is evaluated in terms of efficiency and fairness. The efficiency can be demonstrated by the average throughput while the fairness is by the cell edge throughput. Usually, the cell edge throughput is defined as the 5% point of the CDF of the user throughput [23] . As shown in Fig. 6 , the average throughput (TP) performance of the network with our proposed channel allocation method is improved with the decrease of the threshold G th , since subchannels are reused by femtocells more frequently. Note that the threshold G th is not allowed to be too small since it is used to guarantee the acceptable packet error rate in practical applications. On the other hand, the throughput performances at the 5% CDF become worse when the threshold grows smaller. This is because the femtocells with low received SINRs are more sensitive to the interference than those having high received SINRs. Therefore their throughput is deteriorated with the smaller threshold value even though more subchannels are allocated. Considering the tradeoff between the average throughput (i.e. effectiveness) and the throughput at the 5% CDF (i.e. fairness), we set the threshold value to be 8 dB for the simulations under the scenario of r ¼ 0.2 or 0.4 and b ¼ 50%. Note that the throughput at the 5% CDF decreases more rapidly when the threshold value becomes smaller than 8 dB.
Comparison between different channel allocation schemes
The performance of the network with the optimal channel allocation scheme is also presented for comparison, that is, the optimal solution in (2) MN ) . So, we reduce the number of the femtocells and subchannels (i.e. N and M ) in order to make the exhaustive search possible. Three simple scenarios are defined for the sake of comparison, that is, Case 1 ( Fig. 7 presents the throughput CDF of the optimal and proposed schemes under different cases. It is shown that the proposed scheme can achieve almost the same throughput performance as the optimal one. To better show the performance difference, we also presented the average throughout and the throughput at the 5% CDF of the networks by the optimal and proposed schemes in Fig. 8 . Compared with the optimal scheme, there is only slight performance reduction in terms of the average throughput and the throughput at the 5% CDF when the proposed scheme is applied in the network under different configurations, for example, 3.3 and 4.5% under Case 1, 4.8 and 3.2% under Case 2 and 4.2 and 5.9% under Case 3, respectively. Moreover, the proposed scheme has the acceptable computation complexity of O( There are several well-known fairness indexes used to measure the fairness in communication networks [24] , for example, general proportional fairness (GPF) index, Gini index, Jain fairness index, min -max index, and so on. Since the PF objective is the focus of this paper, the GPF index is used as the fairness metric to evaluate the proposed scheme, which is defined as [25] 
where h n is the average transmission rate of the user in the nth femtocell. As shown in Fig. 9 , we compare the GPF index performances of the optimal scheme and the proposed scheme under simple scenarios. From the viewpoint of maximising the sum of the logarithmic cell throughput, higher GPF index means better fairness performance. We observe that the proposed scheme has a smaller GPF than the optimal scheme. However, the difference between them is quite small, which means that our proposed scheme can achieve almost the same fairness performance as the optimal one. Next, we compare the performance of the different channel allocation schemes under the complex scenario, that is, L D ¼ 6 and M ¼ 50. With the orthogonal channel allocation scheme (i.e. Scheme 1), the subchannels are assigned to each femtocell by the round robin (RR) principle. Moreover, in order to clearly verify the effectiveness of different steps in the proposed scheme, we define another channel allocation scheme (i.e. Scheme 2) as a reference, that is, the subchannels are evenly allocated to groups, which are partitioned by the greedy colouring algorithm. Figs. 10 and 11 show the CDF of throughput with the different channel allocation schemes, where the deployment ratio r is set to 0.2 and 0.4, respectively. It can be seen that the proposed channel allocation scheme has a remarkable improvement in the throughput performance compared to the other two schemes. We also see that both steps in the proposed scheme have significant effects on the performance gain. In addition, due to the fixed number of subchannels and higher interference with the increase of deployment ratio, a smaller per cent of femtocells can achieve high throughput. For example, with the proposed scheme, about 57% of femtocells have the throughput larger than 10 Mbps for r ¼ 0.2 and only 27% of femtocells for r ¼ 0.4.
Correspondingly, the average cell throughput and the total throughput of all cells in the networks with different channel allocation schemes are compared in Table 2 . We can observe significant gains on not only the average throughput but also the total throughput by using the proposed scheme. Since the subchannels are allocated orthogonally with a given number Fig. 9 CDF of GPF index with the optimal and proposed schemes of subchannels by Scheme 1, the total throughput does not change with the increase of deployment ratio. On the other hand, the number of active femtocells increases with the deployment ratio r, which means fewer number of subchannels may be assigned to one group and higher interference exists in each group of the network with the proposed scheme. So, the corresponding average cell throughput decreases with the increase of the deployment ratio. However, the total throughput of the networks with the proposed scheme still increases with a higher deployment ratio because more active femtocells may reuse the subchannels more frequently.
Conclusion
In this paper, we presented a framework of channel allocation in OFDMA femtocell network with a graphical approach. Our proposed graph-based technique explicitly uses the SINR to generate the interference graph from OFDMA femtocell networks to guarantee the acceptable inter-cell interference for all links. The femtocells are partitioned into different groups by the greedy graph colouring algorithm, where the reused and orthogonal subchannels are assigned to the femtocells in the same and different groups, respectively. Since the number of groups is minimised by graphic colouring, the spectrum efficiency is improved. Then, to maximise the sum of logarithmic cell rates with the acceptable inter-cell interference, the number of subchannels allocated to each group linearly increases with the size of the group. Our simulation results show that the required communication threshold for constructing the interference graph has to be properly selected in order to achieve good tradeoff between effectiveness and fairness. Also, compared with optimal channel allocation scheme, the proposed scheme can reduce the computational complexity at the cost of a slight degradation of throughput and fairness performance. Moreover, it can achieve significant performance improvement over other orthogonal channel allocation schemes in terms of the average cell throughput and the total throughput. 
Details of simulated-annealing algorithm
After initialisation, the iterations, called as metropolis procedure are carried out. In the ith iteration, a cost function C i is first computed, which depends not only on the current independent set (CIS) C i but also on the edges E i existing in this CIS. The search for MIS proceeds with the cost function, reducing most of the time. In each iteration, the CIS will be generated by dealing with the vertex, which is randomly selected from V. Then, we calculate the cost difference DC ¼ C i 2 C i21 by updating the CIS. The criterion for accepting or rejecting the update of CIS depends upon computing not only the cost difference DC ¼ C i 2 C i21 but also the ratio between the probability of the system being in C i and the probability of being in C i21 , that is, z ¼ e 2DC/t . Before the metropolis procedure is repeated, the temperature is decreased according to an appropriate annealing rule. The annealing process is terminated when there is no update of CIS accepted, that is, no vertex is added into or removed from the CIS. See Fig. 12 for details.
9 Appendix 2 9.1 Proof of the equivalence from (7) to (9) As in (6) , when the MIS is selected,h n can be computed, that ish n = W log 2 1 + L n,n P T v j [Ṽ k ,j=n L n,j P T + s 2 N , v n [Ṽ k (13) So, the part of N n=1 logh n in (7) can be regarded as a constant and omitted. Then, the maximisation in (7) can be equivalently rewritten as where g k = N n=1 b n,k is the number of femtocells in the kth group. Therefore the optimisation problem in (7) can be equivalent to (9) . 
